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‘SUMMARY

In an equilibrium birth process births are counted from an abrupt point'T,! In
this paper, a model for number of conceptions occurred during the period °
(Ty, Ty + T) has been derived assuming that a conception results in either of
_the k types of pregnancy outcomes. The mean and variance of .the distribution
have been obtained, which aré further used to estimate the fecundability and
abortion rate applying the distribution to two sets of observed data taken
from Singh and Yadava [4]. The suggested model may be considered as an
extension of that of Singh and Yadava [4].

Keywords: Equilibrium birth process; constant risk conception; equilibrium
renewal process. )
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1. Introduction

An equilibrium birth process can be regarded as an ordinary birth pro-
cess in which the system has been running for a long time before it is first
observed. For instance, if a sequence ‘of conceptions or births -occurring
to a female is observed after a long time since her marriage, the above

“birth process is said to be in equilibrium (Sheps et al. [3)).

While dealing with the modification of ordinary binomial and Poisson
distributions for applying them to the observed ‘distributions ‘of number
of births, Dandekar [2] obtained a probability distribution for number of
children born to a specified age cohort of women’ when ' the start of the
observational period was at a considerable distance since marriage. The
mode] was derived under the assumption of a constant risk of conception,
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a constant period of non-susceptibility associated with each delivery and
one to one correspondence between conception and live birth. Recently,
Singh and Yadava [4] generalised the above model for two types of con-
ceptions called ‘complete’ and ‘incomplete’.

Bearing in mind the fact that the period of non-susceptibility is a key
factor in birth spacing and varies considerably depending upon the mode
of termination of a pregnancy, there appears to be consensus on the
need of developing a probability model which accounts for the different
outcomes of a conception. In the present paper the model given by Singh
and Yadava [4], has been extended to k types of pregnancy outcomes.
For the sake of simplicity, the risk parameter is assumed to be constant
‘throughout the period of investigation. Following the results of renewal
theory, expressions for the mean and variance of the concerned distribu-
tion have been obtained. The-application of the model is illustrated on
the data presented in Singh and Yadava [4], assuming that a conception
leads to an abortion or in a live birth which is further classified accord-
ing as the child dies in infancy or survives more than a year, that is,
assuming k = 3. Consequently, the rate of conception as well as the rate
of abortion have been estimated while other parameters are ascumed to
be known.

2. The Meodel

Let the period of observation is (T, To + T) of length T where T is
measured from marriage. Further, let us denote the number of concep-
tions occurred to a female during the period of investigation by X(Ts, ).
The probability model is derived under the assumptions:

Al : The female has led a married life during the observational period.
A2:0,(i=1,2,...,k)is the probability that a conception leads to

gk
the ith type of pregnancy outcome (.21 0, = 1).
1=
. A3 : The waiting time of first conception from marriage follows an
exponential distribution with propability density function (p.d.f.)
folt) = Ae™, 1> 0;A >0, 2.1)

whereas the time between rth and (r + 1)th conception =1,
2, . ..) follows displaced exponential distribution, o
fo(r) A0, ¢ > 2.2)

if the rth conception ends in the ith type of pregnancy outcome.
The assumption A3 states that if there is a conception at a point of
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_ time then there is no other conception in A; units of time, if the
conception is ith type We assume that /- < hifori=1,2,...,k
and 4, = 0. : ‘

A4:T,isata ) considerable dlstance marriage.

As pointed out by Singh and Yadava [4] the total’ number of concep-
tions cannot be more than # where n = T/h; or [(T + h,)/h], according
as T is a multiple of &, or not. [x] stands for the greatest integer not
exceedlng x. The probability functlon of X(T,, T) is glven by ’

P, = Ho(T) —2HAT) + Hi(T) r =1,2,.. ., 1, @.4)
where ' o . '
. tj trz—-a tr-a—b -] tr—g—b—i—f-u
-2
A + M a=0 b=0 u=0 y=0

:z) (r—a) (r—a—b— —j) (r-ja—-b—v...—j— )_OZ’II:—I
T .

- egegeg-a-b—-=--u'—vj' {1 e

-~ . m'

2 "—(’—;—) } dt] - | - @5)

s=0

" In the above expression

'tr——mm[,T_:%] » ‘ - - )
and " ) .
 m =ahy + by + ...+ —a—b... —‘&)hl.
4It7is\easy to see that | '

k..
_ AT . .
H(D) = ———, here h = Oshi. - -
of ‘) Y, where Zl ¢

The derivation of the model is given in the following paragraphs:

Let the conceptions be counted from the pomt To and let the time of
rth conception (r = 1,2,...)be Z, = T; + Ta + ... + Tr where T}
is the time of first conceptlon measured from T, and T,(r > 1) is the

~ time between (r — 1)th and rth conception. If Ty ;s at a considerable .

I3
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distance since-inia.rriage, the dbove birth process becomes an equilibrium
renewal process where the intervals T,, T3, . . . , are independently and
- identically distributed but 77 has a dlﬁ'erent d1str1but10n (Cox and Mlller, '
1965)

- The probability dens1ty function (p.d.f.) of T,(r > 1).is given by

ft) =0, 0<t<h
Jj=
= z G;Ae"“‘ h‘) by < t < By,
=1 . (j=2,3,...:,k)
k- o ' '
= X e.'AC_M‘_hC), 1> hy, . (2.6)
i=1 ’
and-that of Ty is
1 —F( '
f(l‘) = —__y.(—')’ (2.7)

where: F(t) -and u-are:respectively the -distribution functlon and mean
associated with £(z).
Let ¢(s) be the Laplace transform of £(¢), then the same for Z, will be

{1 — ()} {b)* _ {s* _ 0)

s os us (2.8)
for Ty, Ty, . . . are mutually mdependent randomn . varlables Invertmg :
(2.8) the p.d. f () of Z, can be obtained as

130 =~ Frb() = - ), - @9

where F()(t) is the distribution functlon correspondmg to r-fold convolu-
tion of f(¢) with itself.
The expression for F{")(¢) is given by

tr tra tr-a—b——i lr—g-b.—j-u

r0= 85 TS TS g s

a=0 b=0 u=0 v=0
(Fma—b "-") 07021 . 0’3‘62 gy a—b——u—v

[1 —_ e—l(t—mr) z AB(t — m )’ ] | A (2.10)
s_. .
. Now, followmg Cox and Mlller [1] and lettmg
(e
HAT) = j FE g
0 @

»
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‘we have
| Py=1—H(T) + H(D) e
and P, = Hr—]_(T) - 2Hr(T) + Hr+1(T), ¥ = 1, 2,... s . (2.12)

3. Mean and Variance of the Distribution

Since X(T,, T) assumes values 0, 1, . . . , b with- probabilities Py, P,
» Pn respectively, we have ‘
E[X(T,, T)] = rP, = Ho(T) = = 3.1
(75, 7) ;0 P = H(D) = G
- Similarly, the variance of the distribution is given by
) R n . : Al :
VIX(Te, T)] = ZorzP, — E[X(Ty, T 3.2)
y=

Due to the complex nature of the model, a simple expression for
- VIX(T,, T)] is difficult to obtain, However, based on renewal theory, Cox
* and Miller [1] have presented an approximate expression for the variance
of an equilibrium birth process, for large T, as
T 1 gt
(6 g — ) tom, G

where o? and @, have their usual meaning.
Using the expression of the p.d.f. of T,, we have

w= E(T,) = [ 1f(t) dt

k
- 1 1 -
= z B (7 + /11?) = th (3.4)
i=1
! k ® .
pz= 2 {I 12 0 de- A7) dt}
i=1 Uy
_2 25 3 2 '
=% + \ h+i=21 el--h, _ (3.5
and .
k © y
ph = ] {,[ 13 9 et~ ht)dt}
i=1 Il;
6 , 6 = 3 '
=3 + BTl h+ T L0+ = 9¢h3, ' (3.6)
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so that

02 = p.lz — p.zl ' . (3.7)
and

b = iy — 3ugi + 2% '_ (3.8)

4. The Model for k' = 3

It is apparent from the expression (2.5) that if only two distinct out-
comes of a conception are assumed (that is, & = 2), the model reduces
to that of Singh and Yadava [4]. However, the case of k = 3 may be
interesting in some situations, for which the expression of Hr (T) is given

| as follows:
: AT TR =
H(T) = —=—r - ) (7Y g1 046
() Ny Ay j;o;o(’)('J) 6,/ 659

' r=1 s _—
o= MT— =i =7=7=) z z Xe (T — jhg —ihy — r —j — ihy)*
s=0k=0

k!
ift,=r : 4.1
oty ' '
=5 > ) 7)o

j=0 i=0 :

[A(T—jha—ihg——7——j_—71) 1 1
1420 I Y
o ATt 7T ‘= Ne (T — jhg — iZ? —r—ji— h)t
s=0 k=0

ift, <r. . (42

Accordingly expressions for Pq and Pr (r =1, 2, ,..m) can be obtained.
5. Application

Although the model takes into account k types of pregnancy outcomes,
it is generally impossible to get accurate information on all the variables
involved and to obtain suitable estimation procedures with. the existing
statistical techniques. In this context, it is to be noted here that in the
absence of reliable data on number of conceptions, Singh and Yadava
[4] successfully applied the model to the data on number of live birins
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assuming k = 2. Since the period of non-susceptibility associated with
an infant death is relatively shorter than that associated with a child
surviving more than a year, they considered these two types of live births
separately for applying the suggested model. However, if in addition of
these two categories of live births, one also considers abortions, the
application of the model may be seen for & = 3.

For the application purpose, the same two-sets of observed distribu-
tions, as presented in Singh and Yadava [4] have been considered. These
distributions are taken from ‘A Demographic Survey of Varanasi (Rural)’
and relate to the number of births in the last 5 and 7 years to eligible
females of age group 25-29 having at least 5 and 7 years of marriage
durations. For detailed account of the data and survey methodology see
Singh and Yadava [4] and Singh ef al. [5]. ‘

In the surveyed area, the average age at marriage for females is nearly
15 years. It is to be noted here that the fertility performance of females
aged 25-29 years in the last 5 and 7 years respectivey have been con-
sidered. Thus, in the first case, the observed data relates to the fertility
performance of the females when they were in the age range (22.5-27.5)
years. Similarly, in the second case, the data relates, on the average, to
the fertility performance of females in the age range (20.5-27.5) years.
The start of the observational period in both the sets, therefore, may
practlcally be considered at a considerable distance from marriage.

While applying the model for £ = 3, three types of pregnancy out-
comes have been considered i 1n respect of associated rest periods, namely,
(i) abortions with associated rest period /4, (ii) those live births ending in
infant deaths with non-susceptible period 4, and (iii) live births surviving
‘more than a year with attached rest period 4. Let 0,, 0, and 9; are the
respective probabilities of (i), (ii) and (iii). Thus, in all the model has 7
parameters, viz., 8y, 0y, 0y, Ay, f,, fi; and A for a given T. Since explicit
expressions for higher moments of the model are difficult to obtain, it -
has been tried to build up an estimation procedure for estimating two of
the parameters 6, and A with the help of expressions for mean and vari-
ance of the distribution assuming others to be known. It should be empha-
sized here that, generally, the rate of conception as well as the rate of
abortion are not directly measurable, hence "they should be estimated
with the help of certain statistics based on empirical data.

For the surveyed area, Singh and Bhaduri have shown that A, = 1.00
year and A3 = 1.75 years. Here it is assumed %, = 0.5 year. Further,
the infant mortality rate was reported 160 per thousand. Using these
values and equations (3.1) and (3.3) with &k = 3, the estlmates of 0; and
A are obtained as follows :

Firstly, some suitable value of 6; was chosen With this value of By,
the values of 0, and 0; were obtained using the equations
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6, = 0.16 {1 — 8}, .1)

0, + 92 +0;=1 i . (5.2)
Now these values were used in (3.1) to obtain an estimate of A and lastly
thése estimated values were used to get the expected variance. This itera-
tive procedure was used until the equations (3.1) and (3.3) were satisfied.

Tables 1 and 2 present respectively the distributions for 7= 5 and 7

years along with the estimates of 8, and A. The expected frequencies

TABLE 1—DISTRIBUTIONS OF ELIGIBLE COUPLES AGED 25-29 YEARS ‘ .
ACCORDING TO THE NUMBER OF BIRTHS DURING LAST 5 YEARS

Number of Observed number Expected number of Expected number of
births of women | Wwomen (Iﬁ = 3) women k=2
' "% =0.65 9, = 0.15 » = 0.605
)] ' @ €) 4 @

0 20 © 228 _ 25.8

1 155 © 1506 150.4
2 200 - 199.7 189.2
3 45 49.2 54.9

4 and above 5 , 2.7 4.7
Total 425 425.0 o 425.0
% 0.542  3.865
d.f. ‘ 1 ' 3

TABLE Z;DISTR]BIITIONS OF ELIGIBLE FEMALES AGED 25-29 YEARS

ACCORDING TO THE NUMBER OF-BIRTHS DURING THE -

* LAST 7 YEARS ~
Number of Observed number Expected number of Expected number of
births of women _ Wwomen (kA= 3) women k=2
: % = 070508, = 0.09 %= 0.620

0)) ) (2 _ 3 4

0 -3 4.3 . 69

1 58 ] 52.8 T 61.7

2 - 166 171.8 162.7

3 " 151 151.0 . 135.8

4 and above 34 T 281 44.9
Total ) 412 412.0 412.0

P 1.804 6.840

d.f. . 1 3
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obtained from the suggested model are given in Column 3. The estimate of
A and expected frequencies obtained in Singh and Yadava [4] have been

- given under Column 4. In both the cases, the calculated values of ¥? are
insignificant at 5 per cent level of significance, showing that there is an
agreement between the observed and expected frequencies.

6. Conc]tlsions ,

A close look on both the tables shows that as far as the fitting of
models is concerned, both the models (for &£ = 2 and 3) fit the data well.
However, the most striking feature of the suggested model i is that it pro-
-vides an estimate of rate of foetal wastage using the data on number of
births, which is otherwise difficult to ascertain inspite of sincere efforts of
.the investigator. -

The estimates of the conceptlon rate A, for both the sets of data are

comparatively higher than those of Singh and Yadava [4] because of the
inclusion of the chance of foetal wastages in the model. It is to be noticed
that the estimate of A for the the first set of data corresponds to the age
24 years, while the same for second set corresponds to the age 25 .years
of the females.
- The abortion rates for the two sets of data have been estlmated as 15
and 9 per cent respectively. The low estimate in the latter case: may be
due to under-reporting of abortions as they were the events of remote
past.

The major limitation of the proposed model is its dependency on a
large number of parameters. However, while applying it to an observed
data, value of some of the parameters can be guessed through empirical
investigations of similar kind..
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